Quantum systems can be characterized by their correlations 1,2 . Higher-order (larger than second order) correlations, and the ways in which they can be decomposed into correlations of lower order, provide important information about the system, its structure, its interactions and its complexity 3,4 . The measurement of such correlation functions is therefore an essential tool for reading, verifying and characterizing quantum simulations 5 . Although higher-order correlation functions are frequently used in theoretical calculations, so far mainly correlations up to second order have been studied experimentally. Here we study a pair of tunnel-coupled onedimensional atomic superfluids and characterize the corresponding quantum many-body problem by measuring correlation functions. We extract phase correlation functions up to tenth order from interference patterns and analyse whether, and under what conditions, these functions factorize into correlations of lower order. This analysis characterizes the essential features of our system, the relevant quasiparticles, their interactions and topologically distinct vacua. From our data we conclude that in thermal equilibrium our system can be seen as a quantum simulator of the sine-Gordon model 6-10 , relevant for diverse disciplines ranging from particle physics to condensed matter 11, 12 . The measurement and evaluation of higher-order correlation functions can easily be generalized to other systems and to study correlations of any other observable such as density, spin and magnetization. It therefore represents a general method for analysing quantum many-body systems from experimental data.
where z = (z 1 , …, z N ), O(z i ) is the Heisenberg operator that describes the collective degrees of freedom evaluated at a general coordinate z i (here, the coordinate of our one-dimensional system), the angle brackets denote the quantum mechanical expectation value and N is the order of the correlation.
In the absence of interactions between these degrees of freedom, all information is contained in the second-order correlation function G (2) (refs 3, 4) . Higher-order correlations G (N) with N > 2 fully factorize: they can be calculated using the Wick decomposition 3, 15 , a sum containing products of only G (N) with N ≤ 2. In this case, the quantum many-body states are Gaussian-that is, they are fully characterized by their first and second moments (mean and variance). Determining, for an interacting system, the collective degrees of freedom that lead to complete factorization corresponds to solving the quantum many-body problem. Observing only approximate factorization points to solutions derived from perturbation theory.
More generally, in the presence of interactions between the collective degrees of freedom, G (N) can be decomposed into
The first term, G N dis ( ) , is the disconnected part of the correlation function. It is fully determined by all of the lower-order correlation functions G (N′) with N′ < N and so does not contain new information at order N. The second term, G N con ( ) , is the connected part of the correlation function and contains genuinely new information about the system at order N. Complete factorization of higher-order correlation functions is therefore equivalent to = G 0 N con ( ) for all N > 2. In a diagrammatic expansion, G N con ( ) is given by a sum of fully connected diagrams with N external lines 3, 4 . Whereas failure of the Wick decomposition can indicate only the presence of interactions, determining up to which order N the connected correlation function can be reliably estimated gives a direct handle on the level of complexity of the underlying quantum many-body system that is accessible in a given experiment.
With the rapid progress in quantum gas experiments 17 , measuring higher-order correlation functions [18] [19] [20] [21] is now possible. To illustrate the power of the above concepts for analysing a non-trivial interacting quantum many-body system, we experimentally investigate two tunnel-coupled one-dimensional (1D) bosonic superfluids, realized with quantum-degenerate 87 Rb atoms trapped in a double-well potential with a freely adjustable barrier (Fig. 1) 22 . Matter-wave interferometry [23] [24] [25] provides direct access to the spatially resolved relative phase ϕ(z) between the superfluids (see Methods and Extended Data Fig. 2) .
Tunnelling through the double-well barrier drives the relative phase ϕ(z) towards zero. The strength of this 'phase locking' is characterized by 〈 cos(ϕ)〉 , a quantity that is zero for completely random phases (no phase locking) and approaches unity in the limit of strong phase locking. The value of 〈 cos(ϕ)〉 depends on the strength of the tunnel coupling and on the temperature 22 . From the measured phase profiles ϕ(z) we extract the Nth-order correlation functions of the phase by evaluating
with coordinates z = (z 1 , …, z N ) and ′ = ...
along the length of the system, and the brackets 〈 〉 denoting averaging over many experimental realizations; see Methods for details on calculating G N con ( ) and G N dis ( ) .
In Fig. 2 we show experimental data for the full fourth-order correlation function G (4) (z, z′)-its disconnected and connected parts-for different strengths of the phase locking between the superfluids. The superfluids are prepared by slow evaporative cooling into the doublewell potential, with the aim of creating a thermal equilibrium state. In both limits, 〈 cos(ϕ)〉 ≈ 0 (uncoupled superfluids) and 〈 cos(ϕ)〉 ≈ 1 (strongly coupled superfluids), the connected part vanishes (Fig. 2a, c) . The full fourth-order correlation function is given by its disconnected part, calculated from the second-order correlation function; that is, the fourth-order correlation function factorizes. For intermediate phase locking (Fig. 2b) , the fourth-order function cannot be described by second-order functions alone, and a substantial connected part remains.
We now compare our observations with predictions for thermal states of the sine-Gordon model, which has been proposed as an effective description of the relative degrees of freedom of two tunnelcoupled 1D bosonic superfluids 
where δ ρ(z) describes the relative density fluctuations and ϕ(z) is the relative phase (see Fig. 1 ). These fields represent canonically conjugate variables that fulfil appropriate commutation relations. The parameter m is the mass of the atoms, g is the 1D interaction strength, J is the tunnel-coupling strength between the superfluids with equal 1D densities n 1D and ħ is the reduced Planck constant. The correlation functions in equation (3) reflect the correlations in the collective degrees of freedom, constructed from the conjugate fields δ ρ and ϕ. The connected correlation function
for N > 2 is therefore a direct measure of their interactions. In contrast, the more commonly used correlation functions
( )] and their higherorder generalizations 21 contain
up to arbitrary order even for the second-order function, and so are not suitable for studying these interaction properties (see Methods and Supplementary Information).
H SG nicely reflects the observations in Fig. 2 . For 〈 cos(ϕ)〉 ≈ 0, which corresponds to J ≈ 0, only the first part of H SG , the quadratic Tomonaga-Luttinger Hamiltonian [26] [27] [28] , remains, leading to Gaussian thermal states that are characterized by a vanishing connected correlation function G N con ( ) for N > 2. For 〈 cos(ϕ)〉 ≈ 1, we can replace the cosine in the Hamiltonian in equation (4) by its harmonic approximation 29 , which also leads to a quadratic Hamiltonian and Gaussian fluctuations.
For intermediate phase locking (intermediate 〈 cos(φ)〉 ), we have to consider the full cosine potential, which leads to a non-vanishing fourth-order connected correlation function.
The Hamiltonian (equation (4)) represents an effective low-energy description of the underlying microscopic degrees of freedom and processes. Theoretically, the insensitivity to details of the underlying micro-physics can be efficiently phrased in terms of relevant and irrelevant operators of the model used. The factorization observed for strong and vanishing tunnel coupling provides an experimental demonstration that the contributions from a large set of possible irrelevant operators renormalize to zero in the low-energy effective theory that describes thermal equilibrium.
For a quantitative comparison between experiment and equilibrium sine-Gordon theory, we first estimate the density n 1D and the temperature T of our samples from independent measurements (see Methods). We then numerically calculate the theoretical prediction for the higher-order correlation functions (see Methods and Supplementary Information). We compare theory and experiment using the measure
which is plotted in Fig. 3 as a function of the phase-locking strength, quantified by 〈 cos(ϕ)〉 . The experimental results for N = 4 agree well with sine-Gordon equilibrium theory. Looking at the Wick decomposition for the sixth-, eighth-and tenth-order functions, specifically, whether they factorize into second-order functions, we obtain similar results (see Extended Data
Relative degrees of freedom Double-well potential Adjustable tunnel coupling
Figure 1 | Schematics of the experimental set-up. We consider two tunnel-coupled 1D superfluids (red ellipses) in a double-well potential at a common temperature T. By changing the barrier height of the double-well potential (blue lines) the tunnel coupling J between the two superfluids (arrows) can be adjusted. The superfluids are described in terms of density fluctuations δ ρ 1,2 around their equal mean densities n 1D and fluctuating phases θ 1,2 (black lines). From these quantities we define the relative degrees of freedom 
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Figs 3-7). For 〈 cos(ϕ)〉 ≈ 0 the higher-order functions can be described by second-order functions only; in the intermediate regime this is not possible; and towards 〈 cos(ϕ)〉 ≈ 1 factorization can be achieved, but conditions become more stringent with increasing order N.
Experimentally measuring the connected part of the sixth-, eighthand tenth-order (or higher) correlation functions to investigate their factorization into all lower-order correlation functions is a much more challenging task. Factorization for very weak and very strong phase locking follows from the observed validity of the Wick decomposition for these cases. In the intermediate regime, the connected part is substantial and there is qualitative agreement between experiment and thermal equilibrium theory (see Extended Data Figs 3-7). These non-vanishing connected parts are a clear indication that, in our system, three-, four-and five-particle interactions are important. This finding highlights that our method could provide new access to the microscopic aspects of effective few-body dynamics that contribute to many-body dynamics.
To arrive at the sine-Gordon model from the original Hamiltonian that describes two tunnel-coupled 1D superfluids, a series of approximations are made that lead to the decoupling of the symmetric and antisymmetric modes of the system (see Supplementary Information). These approximations include only terms that are secondorder in δ ρ and ∂ z ϕ, and neglect mixed density-phase terms. Showing that the measured correlation functions up to tenth order (containing terms up to ϕ 10 ) are faithfully reproduced by H SG demonstrates that the approximations needed to derive this low-energy effective theory are justified, at least in equilibrium.
So far we discussed data for the system prepared by very slow cooling, which can be described by the thermal equilibrium sine-Gordon theory. Systems prepared using a final cooling speed that is a factor of ten faster (see Methods) exhibit different behaviour (Fig. 3) . This contrast demonstrates that our method can differentiate between thermal and non-thermal states.
For strong phase locking (〈 cos(ϕ)〉 ≈ 1), a substantial connected part remains in the rapidly cooled sample, indicating that in the non-thermal case the cosine in the Hamiltonian in Equation (4) is relevant even in this regime.
To gain insight into the mechanisms that lead to the difference between slow and fast cooling, we analyse the full distribution function of the phase differences Δ ϕ = ϕ(z) − ϕ(z′) to which, in principle, all Nth-order phase correlation functions contribute. In Fig. 4a we show the full distributions for one particular pair of coordinates (z, z′) chosen symmetrically around the centre of the trap.
For slow cooling and intermediate values of 〈 cos(ϕ)〉 , the full distribution functions of the phase differences Δ ϕ are distinctly non-Gaussian. For strong phase locking (〈 cos(ϕ)〉 ≈ 1), we find Gaussian full distribution functions, as anticipated from the observed validity of the Wick (5)) is plotted against the phase-locking strength, quantified by 〈 cos(ϕ)〉 , for thermal equilibrium prepared by slow evaporative cooling (red circles) and for a non-thermal state reached by fast cooling (blue diamonds). There is good agreement between thermal equilibrium data and thermal sine-Gordon theory (green shaded region), whereas the fast-cooling data clearly deviates from the prediction from equilibrium theory. The theoretical curves were calculated for the maximum spread of the estimated experimental parameters for the slow-cooling data (see Extended Data Fig. 4 for the spread of the fast-cooling data). The error bars represent 80% confidence intervals calculated using bootstrapping (see Methods). decomposition in this case. In contrast, for fast cooling, all coupled cases have non-Gaussian distribution functions. With increasing phase locking, distinct side peaks appear at ± 2π , becoming more localized, but at the same time more suppressed.
For 〈 cos(ϕ)〉 = 0.94, we observe a Gaussian central peak (see insets of Fig. 4a ) as well as a few outliers at ± 2π . Studying interference patterns for individual realizations that correspond to the side peaks reveals that the phase rotates through a full circle of 2π within a short distance (see Fig. 4b ). These localized kinks represent transitions between different minima of the cosine potential and can be identified as solitons of the sine-Gordon model; they are topological excitations of H SG (equation (4)).
In the case of fast cooling, these sine-Gordon solitons are frozen in, and the phase of the quantum field fluctuates around them. Such states may therefore be interpreted as topologically distinct, 'false' vacua 30 above which the quasiparticles are being excited. The energy of these false vacua increases with the number of sine-Gordon solitons.
The procedure outlined here is the basis for a general principle for extracting information from non-trivial quantum systems in an unbiased and unambiguous way. It represents an important step towards solving complex quantum many-body problems by experiment. Furthermore, higher-order correlation functions hold promise for experimental and theoretical investigations of non-equilibrium dynamics. Our method thus provides an important tool for future quantum simulators.
Online Content Methods, along with any additional Extended Data display items and Source Data, are available in the online version of the paper; references unique to these sections appear only in the online paper. 

MethODS
Preparing the coupled 1D superfluids. The coupled 1D superfluids were realized using standard procedures to produce ultracold gases of 87 Rb in a double-well potential on an atom chip. Each well consists of a highly elongated, cigar-shaped trap (two tightly confined directions, one direction with weak confinement). The wells are separated along one of the tightly confined directions (see Fig. 1 ). The separation is horizontal, avoiding the influence of gravity. By tuning the height of the barrier that separates the wells we can change the tunnel coupling between the two superfluids.
The clouds are prepared by evaporatively cooling the atoms while keeping the double-well trap static. The relative evaporation rates at the end of the cooling ramp amount to a few per cent per 10 ms for slow cooling and a few tens per cent for fast cooling. In both cases, the measurements were performed immediately after the evaporative cooling.
The single wells have measured harmonic frequencies of ω ⊥ ≈ 2π 1.4 kHz in the radial direction and ω z ≈ 2π 6.7 Hz in the longitudinal direction. The temperature, atom number and chemical potential are T ∈ [11, 56] nK, N ∈ [4,000, 6,300] per well and μ ∈ 2π ħ [0.70, 0.94] kHz, respectively, such that the 1D condition μ, k B T < ħω ⊥ is well fulfilled within each well. The gas typically has a length of about 100 μ m, from which we use the central 50 μ m (density variation of about 25%) for our analysis. Measurement of the relative phase. To extract the spatially resolved relative phase between the superfluids, we record the resulting matter-wave interference pattern of the two 1D Bose gases after about 16 ms time-of-flight expansion using standard absorption imaging 24, 31 . The local position of the fringes in the fluctuating interference pattern directly corresponds to the relative in situ phase ϕ(z) between the two superfluids. We extract this relative phase by fitting a sinusoidal function to each pixel line in the interference pattern 25 . This allows us to determine ϕ(z) modulo 2π . However, assuming that the phase difference between two neighbouring points along the z direction is within the interval (− π , π ], we can reconstruct the full phase profiles to obtain unambiguous phase differences ϕ(z) − ϕ(z′) that are not restricted to (− π , π ]. The remaining global ambiguity of 2π n (where n is an integer) for the phase field ϕ(z) is irrelevant for our analysis. A schematic explanation of the phase extraction procedure is given in Extended Data Fig. 2 . A sample of ϕ(z) is generated by repeating the experiment 290-2,800 times (typically 1,000 times). Calculation of the correlation functions and their connected parts. We evaluate the phase correlation functions using equation (3), with ϕ(z) extracted as described in the previous section. Similarly, we calculate the connected part using
Here the sum runs over all possible partitions π of {1, …, N}, the first (left) product runs over all blocks B of the partition and the second (right) product runs over all elements i of the block; | π | is the number of blocks in the partition. The number of partitions is given by the Bell number B N , which grows quickly with N. For N = 10 (the highest order investigated here), we get B 10 = 115,975; for the next even order (N = 12), it would already be B 12 = 4,213,597. Using the central moments in equation (6), all partitions that contain blocks of size one do not contribute. This greatly reduces the number of terms in the sum; however, the computational effort still increases quickly with order N. Note that equation (6) does not represent an unbiased estimator of the connected correlation function; however, for our large sample sizes the bias should be negligible. Let us also explicitly write down the Wick decomposition:
represents the Wick decomposition (see equation (7)).
When calculating the measure M (N) or M N Wick ( ) , the computational effort can be reduced substantially by using the symmetries of the correlation functions under exchange of coordinates, in which case the correlation function needs to be summed over only distinct combinations of z values. Even when using this symmetry, we still have to reduce the number of points z by a factor of two (by considering only every second z value) when calculating the measures for N = 6. For N = 8 (N = 10), only every third (fourth) point was considered. With this, the sum runs over 20,475 (N = 4), 18,564 (N = 6), 12,870 (N = 8) or 8,008 (N = 10) terms.
The confidence intervals for the experimental measures are calculated using the bootstrap bias-corrected and accelerated method 33 (using its implementation in MATLAB, bootci).
The measures M (N) and M N Wick ( ) are calculated from a finite sample and so do not represent unbiased estimators for the measures calculated from an infinite sample. The main contribution to this bias comes from the fact that we sum over the absolute values of the correlation functions in equations (5) and (8) . Drawing a finite sample from a Gaussian distribution, we obtain connected correlation functions fluctuating around zero (for order N > 2). Summing over its absolute values leads to non-zero measures, which explains the deviation from zero for 〈 cos(ϕ)〉 ≈ 0 that is observed in Fig. 3 Also, in this regime the bootstrap confidence intervals for the experimental data give bad estimates because the sample distribution is not a good estimate of the unknown, real distribution, which is the basic assumption of all bootstrapping methods. This manifests in experimental error bars that are much smaller than the corresponding confidence intervals of the theoretical prediction for finite sample size.
To test for statistical significance of the measures M (N) and M N Wick ( ) , the P values for the null hypothesis of having Gaussian fluctuations were calculated. For this we first calculate the sample mean and covariance of the phase differences ϕ(z) − ϕ(0) from the experimental data. This mean and covariance define a multivariate Gaussian distribution from which we draw n samples (where n is the experimental sample size, different for each point in the diagrams) and calculate the measures. To get an estimated distribution for the measures, we repeat the procedure 999 times. We subsequently calculate the probability that this null hypotheses gives bigger values for M (N) or M N Wick ( ) than does the experiment, and plot these probabilities as P values in Extended Data Figs 3 and 4 . sine-Gordon model. In our parameter regime, thermal fluctuations dominate and the sine-Gordon model (see equation (4)) is characterized by two scales 34 : the phase coherence length λ T = 2ħ 2 n 1D /(mk B T), which describes the randomization of the phase due to the temperature T; and the healing length of the relative phase = / l ħ mJ (4 ) J , which determines the restoration of the phase coherence through the tunnel-coupling strength J. The dimensionless ratio q = λ T /l J is directly related to the observable quantity 〈 cos(ϕ)〉 and therefore determines the relevance of non-quadratic contributions to the Hamiltonian (see Supplementary Information and Extended Data Fig. 1 ).
In the experiment, the ratio q can be tuned over a large range by changing the barrier height (which corresponds to changing the tunnel-coupling strength J). The phase coherence length was chosen as λ T ≈ 18 μ m. To be more precise, λ T ∈ [15, 20] μ m for the coupled thermal equilibrium data. We can measure λ T independently by looking at speckle patterns in time-of-flight 35 . Using the same procedure to fit a temperature to the rapidly cooled (non-thermal) data gives λ T ∈ [14, 27] μ m.
Knowing λ T , we can then calculate the measure M (N) as a function of 〈 cos(ϕ)〉 by varying the parameter q. To compare experiment and theory, we plot both datasets in the same figure (Fig. 3, Extended Data Figs 3 and 4) . The theoretical calculations rely on a random process (see Supplementary Information) that is a generalization of the Ornstein-Uhlenbeck process used for quadratic theories 36 . The theoretical quantities were calculated from 10 5 numerical realizations generated by that process.
In addition to the theoretical prediction calculated from this large numerical sample, Extended Data Figs 3 and 4 also show the theoretical predictions calculated from numerical samples that have the same size as the corresponding experimental samples. The small numerical sample size leads to fluctuations and bias letter reSeArCH when compared to the prediction calculated from the large numerical sample. We estimate the confidence intervals for the theory prediction of M (N) and M N Wick ( ) shown in the figures by repeating the calculations with the small sample size 999 times. The finite imaging resolution was considered by convolving the numerically generated phase profiles with a Gaussian with standard deviation of σ = 3 μ m. This value for σ was inferred from the coherent transfer function of the imaging system by simulating artificial images and analysing them with the same codes as for the experimental absorption images. Non-vanishing higher-order connected correlation functions imply quasiparticle interactions. The experiment provides information about the relevance of the operators of the effective Hamiltonian in describing the dynamics of the relative degrees of freedom of two tunnel-coupled superfluids. The relevant operators are obtained by writing the Hamiltonian of the coupled 1D Gross-Pitaevskii systems in the density-phase representation of the Bose fields,
, expanding in powers of the density fluctuations δ ρ j /n 1D and phase gradients ∂ z Θ j , and transforming to relative and symmetric degrees of freedom (see Supplementary Information for details of the calculation). To second order, and neglecting mixed density-phase terms, the relative degrees of freedom are described by the sineGordon Hamiltonian in equation (4) .
By approximating the cosine to second order in ϕ, the Hamiltonian can be diagonalized by means of a Bogoliubov transformation. In the case that all higherorder corrections to this mean-field Hamiltonian represent irrelevant operators, the dynamics of the system is determined by a set of non-interacting quasiparticles. As a result, Wick's theorem applied to the quasiparticle creation and annihilation operators b ( †) implies the factorization of Nth-order correlation functions into second-order functions. The experimental data shows this factorization for the decoupled and strongly coupled systems in equilibrium.
In contrast, in the case that terms of higher-order in the relative phase and density fluctuations become relevant, the quasiparticles interact with each other and the state no longer shows Gaussian fluctuations. Higher-order connected correlation functions in b ( †) can be calculated using a perturbation expansion in the relevant coupling constants. The leading, fourth-order connected correlation function contains information about the interactions between two quasiparticles, and higher-order connected parts encode multi-particle correlations. We emphasize that experimentally measured higher-order connected correlation functions give access to the respective information beyond perturbative quantities; see Supplementary Information for more details.
Compared with the above connected correlation functions for the relative-phase fluctuations, the correlation functions
i z z [ ( ) ( )] are more commonly used to describe low-dimensional superfluids, for example, in a Luttinger-liquid formulation. However, they encode the fluctuations of the underlying Bose fields in the limit in which density fluctuations are negligible. The second-order correlation function already contains information about the interactions to arbitrary order in the phase-fluctuation fields. For our system of two tunnel-coupled superfluids, this makes these correlations unsuitable for the general method presented here of analysing many-body problems using higherorder correlation functions. Data availability. The data that support the findings of this study are available from the corresponding author upon reasonable request. Source Data for Figs 3, 4 and Extended Data Fig. 1 are provided in the online version of the paper.
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Extended Data Figure 4 | Integral measures for the rapidly cooled data. As for Extended Data Fig. 3 , but with the experimental data plotted as blue diamonds.
